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Abstract— The paper deals with mathematical
modeling and algorithms for studying vibrations of a beam with
built-in ends, with regard to rheological properties of the beam
material. By the method of Laplace integral transform the
solution of the integro-differential equation of a beam is
constructed in the form of a series, whose first term coincides
with the solution of this equation obtained by the averaging
method. For a specific Abel kernel, algorithm and software for
the numerical analysis of the stated problem was developed. It
was obtained that the amplitudes of vibrations decrease
exponentially over time and taking into account of the
subsequent terms of the series of solutions enable to determine
a more exact solution to the problem.
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I. INTRODUCTION

Problems of studying vibrations of these or other
mechanical systems have numerous applications and are one

of the subjects of theoretical and applied studies.

Il. PROBLEM STATEMENT

Assume that the beam is homogeneous and isotropic
of finite length equal to x=/, and the symmetry axes of the
beam coincides with the axis OX in its equilibrium state. Let
the beam with built-in ends beginning with moment of time
t =0 perform tranverse vibratious.

The mathematical problem of forced transverse
vibrations of the visco-elastic beam may be described by an

integro-differential equation [3] of the form:

)

'u(xt) dAu(xt) | o*u(x,t)
PV —.([K(t—r) i dr=f(x1t)

O0<x<l O<t<T.
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where f(x,t) is a given function, u(x,t) is a lateral

displacement, k(t—7) isa positive kernel and contains it its
representation a small parameter.
We accept the initial conditions as follows:
u(xt)=uy; ui(xt)=v, for t=0 2
The boundary conditions are determined in the form:
ou(x,t)
ox

u(x,t)=0; =0 for x=0 ux=1 (3)

Thus, the problem is reduced to solving equation (1)
under initial-boundary conditions (2)-(3).
Problem solution. Applying the Bubnov-Galerkin

procedure to the equation (1), we obtain the following

differential equation [4]
XV (x) - 2*x(x) =0 @)
X(0)=0;X"(0)=0; X(£)=0; X"(¥)=0 (5)
Here the problem (4)-(5) has eigen-values in the form

7K
A = k=123,... and integro-differential equations

t
T +T (O -e[k-IN (e =Ha ) (6)
0

with initial conditions
Tk (t) = UOk , Tk! (t) = VOk for t = 0 (7)

Here ¢ >0 is some small parameter.

l
1
Ay (1) = =5 [ A0 ) (X)dx ®
A%
Solving the equation (4)-(5), we find the eigen —
functions
sin 4, ¢ .
X, (K) = ———*——(cos A4, X —ch A, X) +shA x—sin 4. x (9
(6= T e g (084X —EA0) +shdx—sin Ax (9)
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To determine amplitude functions, it is required to
find the solutions of the integro-differential equation (6)
under initial conditions (7), that is one of the difficulties when
solving this equation [4].

Applying the Laplace transform in time 1 to the
equation (6) allowing for condition (7) we get:

gy (s)
22 -aikp O

SUgy + Vox
s?+ 22 —eilk(p)

T(p)=

where s isa Laplace transform, T (s) and G(s) are Laplace
images of the functions of the same name T(t) and g, (t).

We represent the denominator of equation (10) in the

form:

1 1 & a2k(p))
22[ k(/?)]

P+ 2—gk(s) P+l 2+ A
Then the solution of (10) takes the form:

0 2y, n
o= St o Z[ajzki% .

(11)

Due to the inequality
t
Oﬁg_fk(r)dr <<1, &(t)>0
0

series (11) is a convergent series. By means of convolution of
functions we calculate Laplace inverse transform and omit

the indices for simplicity of notations

|1 2%k (s) | _ Ak — shsk, — el (s? +22)Z(s)
s+ A2 2% +5°
Taking this formula into account in (11) and summing

the series, we obtain:

_(s)— SUg + Vg N q(s)

S a(s)-el%d  a(s)-eid 12

where

K. =

o —3

K(r)cosArdr; K, =j|<(r)sin;wdr
0

2(t) :TK(T)Sin/I(t—r)dr
t

(o) = (s+ S ak,)? + 221 )’

1
d =7k +k)

2
It is clear that here

<1. Then expanding in

series, the expression (12), we obtain:

oy _ SUp +Vo 2 d o d? _
T(s)= as) L+ a(5)+g A az(S)Jr...+]_
:(E(S)[lhcﬂz _d 2,0 d* +..4]

a(s) a(s) a*(s)

(13)
Here, the first addend describes free vibration, the

second addend corresponds to the forced vibration that we
denote by T¢(t) and TP(t), respectively.
The originals of these functions are determined

successively as follows:

For the first addend we have:

Lokt 1
TS(t)=e 2 {uo cos A(l—Eekc)t +

Vg —Eé‘lks

2 sinaa-Lay
A= ko) 2

t
TS = TP g0 =1 [gt-TE ()r  (14)
0

t
T =T, %90 =& [ g(t-2)Ty  (F)de
0
For the second addend we similarly determine:

t
Tb(t)=—1 =|q(t-7)g(r)dr =
e {

t —Eéﬂksr
:;J‘q(t—r)e 2 sin/i(l—lsks)zdr
1(1—%) 0 2

t
TP =T O *9() = 8 [Tyt - ) ()7 (15)
0

t
TP =T O * g0 = & [T, (t-r)g(e)dr
0

where the function g(t) is determined as follows



Lok,
g(t):Ll{_d }: dl e 2" sina-La )t
R ’

2

(16)
where L™ isan operator of Laplace inverse transform?
Then the solution of integro-differential equation (6)

is determined as follows:
T ) =Y [T () +Ty ()] 17)
n=1

From this equation for the first approximation of solutions we

obtain:

T () =T M) +T(t) =

Lo 1
=Me 2 S|n[l(1—§éxc)t+9]+ (18)

F ’ig’lksr . 1
+qu(t—r)e 2 sin AL~ ek.)de
0

where M = - +ul; 0= uiN :
N
Vg —Eaiks
N :+.
M- o)

Note that (17) coincides with the solution of the
equation (6) obtained by the well-known averaging method
1,2,3. Taking into account subsequent approximations allow

to obtain a more exact solution of equation (6).

I1l. CONCLUSIONS
The obtained solution was studied by the numerical

calculations for Abel’s specific kernel, it is shown that for
small values of frequency, the influence of the subsequent
term of the series on the solution is negligible, and with
increasing the following it increases and amplitude of all

terms exponentially decrese.
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